© 2012 American Institute of Physics. This paper was published in Journal of Applied Physics and is made available as an electronic reprint (preprint) with permission of American Institute of Physics. The paper can be found at the following official DOI: [http://dx.doi.org/10.1063/1.4709755]. One print or electronic copy may be made for personal use only. Systematic or multiple reproduction, distribution to multiple locations via electronic or other means, duplication of any material in this paper for a fee or for commercial purposes, or modification of the content of the paper is prohibited and is subject to penalties under law. The phonon transport in Lennard-Jones silicon wire with contacts is investigated using non-equilibrium Green's function. With the size decreasing, the significant reduction in the number of phonon modes leads to a smaller thermal conductance density. The dopant (Ge) atoms are used to substitute the atom in the wire to study the doping effect. For thin wire, its thermal conductance is very sensitive to the location of dopants. It is also found that the interior atom substitution has more impact on the thermal conductance over surface atom; substitution near contact surface reduces thermal conductance significantly; thermal conductance is suffering a 10%-20% variation due the random distribution of dopants; 17% of Ge content is sufficient to reduce thermal conductance by 80%. Much attention has been focused on improving the energy harvesting efficiency in thermoelectric (TE) devices. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] To date, the approaches for high TE efficiency can be categorized into two strategies: Depressing lattice thermal conductivity (contributed by phonon) and increasing the electronic TE efficiency. 11 Recently, high TE efficiency in silicon nanowire has been reported. 1 The reason is ascribed to the small lattice thermal conductivity, origin from the enhancement of phonon scatterings at the rouge surface. To reduce the lattice thermal conductivity for silicon based device, an alternative and effective method is to dope germanium. 10, 12, 13 The Si x Ge 1 À x alloy has much lower lattice thermal conductivity than pure Si or Ge crystal. That rise our interest to study the doping effect in nanowire, in which the thermal conductance would depend on the position of the dopants. In this work, we employed nonequilibrium Green's function [14] [15] [16] to investigate the phonon transport properties in the Lennard-Jones silicon (LJ-Si) nanowire with two contacts, similar to previous projects. [17] [18] [19] The size effect and the Ge atom substitution effect (regarded as doping effect) on phonon transport properties of the system are discussed.
II. THEORY
In the modeled system, a short squared nanowire with the side length w (i.e., w ¼ l x ¼ l y ) and length l, which are set to multiply integer of the lattice constant of silicon crystal a (¼ 5:43 Å ), is aligned in z direction. This wire connects two semi-infinite thermal contacts with fcc lattice structure and ð0; 0; 1Þ plane as the contact surface. These two contacts serve as thermal reservoirs in which thermal equilibrium is assumed except for the regions near the joints of the wire. Together with the wire, the non-equilibrium regions denoted by LD and RD (in the left and right contacts, respectively) are treated as a whole wire (indicated by the dashed rectangular box in Fig. 1(a) ). The regions LD and RD are defined as the collection of atoms which are coupled to the wire through bonds or bond angles. Fig. 1(b) demonstrates the atom distribution of the whole wire with w ¼ 1a and l ¼ 3a.
The elements of dynamical matrix, the elastic tensor (3 Â 3 matrix) of atom i and atom j, is defined as
where E is the total potential energy, M i the atom mass, and d i the atomic position. For the potential energy, we considered the contribution from bonds and bond angles. The change of the potential energy due to bond stretching and contraction is described by the following equation with harmonic approximation:
where d 0 is the equilibrium distance and d i;j the distance between atom i and atom j. The constant C 0 is set to 49:1 eV, which is obtained from the harmonic term in the power series of the Lennard-Jones potential. The change of the potential energy due to the deformation of bond angle (dH i;j;k formed by atoms i, j, and k) is described by:
where the constant C 1 is set to 1:07 eV. 22 The following process is to determining the self-energy R L , which describes the coupling of the whole wire to the rest part of the left contact. The Green's function for the first two layers (counting from contact surface) of the contact determined by decimation method 23 is with the expression
where x is the vibration frequency andk jj the Bloch vector in transverse direction (paralleled to the contact surface). Then, the Green's function of the LD region is constructed in the following way:
where g j;k is the Green function of the layer j and layer k (j and k can be either 0 or 1, stands for the first layer and second layer, because atoms in LD region are on the first two layers), N (¼ 200 Â 200) is the number of sampling points in Brillouin zone (BZ) of the transverse plane. The self-energy of LD is then determined by:
where D LD is the dynamical matrix of region LD. Finally, R L is obtained by expanding R LD to the dimension of the whole wire as
Similarly, the self-energy of the whole wire due to the right contact R R is determined, and the total self-energy of the whole wire R is the sum of R L and R R for harmonic phonon transport. The retarded Green's function of the wire is given by
The advanced Green's function G A equals to ½G R † ; the broadening function due to the left contact C L is determined by
similarly for C R . The thermal conductance due to phonon transport is then determined:
where f is Bose-Einstein distribution function,
and TðxÞ the phonon transmission function for harmonic phonon transport,
III. RESULT
The dynamical matrix D i ðkÞ for the bulk LJ-Si is obtained from the equation
The phonon frequencies x for the phonon wave with wavevector k are the square root of the eigenvalues of D i ðkÞ that determines the dispersion relation and the phonon density of states (DOS) of bulk LJ-Si ( Fig. 2(a) ). The phonon DOS can be obtained from the Green's function too,
Therefore, the surface Green's function g 00 and Green's function of a layer deep inside the thermal contact, which is a byproduct in the decimation method, give the phonon DOS at the contact surface and the DOS of bulk layer ( Fig. 2(b) ). Due to the termination of lattice structure at the contact surface, the surface atoms have less bonds (i.e., less coupling terms in dynamical matrix), many vibration modes are shifted to lower frequency; 24 therefore, a red-shift is noticed for the DOS at surface compared to the DOS of bulk layer.
A. Size effect
Generally, a thicker wire has more phonon states (Fig. 2(c) ), larger phonon transmission (Fig. 3(a) ), and larger thermal conductance (Fig. 5) . The thermal conductance is proportional to the cross-sectional area of the wire except when the wire is sufficiently thin (refer to the conductance density D K in Fig. 5) . Furthermore, the DOS profile of the bulk LJ-Si (Fig. 2(a) ) is similar to that of the thick wire (w ¼ 6a in Fig. 2(c) ), but very different from that of the thin wire (w ¼ 1a or 2a in Fig. 2(c) ). For this reason, transmission profiles of thin and thick wires are different (Fig. 3(b) ).
A simpler explanation to these phenomena is the fcc crystal structure with the basis of two atoms vanished in thin wires.
To give an insight view of these phenomena, the possible phonon modes for the atom at the center of the wire are determined by transforming the surrounding atoms into the reciprocal lattice (the BZ), which correspond to the possible phonon wave vectors. For the convenience of visualization, the BZ is projected onto the k x -k y plane and is shown in Fig. 4 . It is obvious that some of the phonon modes are missing compared with the phonon modes for bulk; the longer and thinner wire has less phonon modes. Thus, smaller phonon transmission density is expected for thinner and longer wire (Figs. 3(b) and 3(c) ). The thermal conductance with linear area dependence (or constant conductance density) for thick or very short wire is expected (Fig. 5) because the number of phonon modes does not vary much.
In the previous work, the linear temperature dependence of thermal conductivity is found in low temperature range (20 to 100 K) for thin silicon nanowires with rough surface and is explained by the frequency dependent phonon-boundary scattering. 5 In this work, the temperature dependence of thermal conductance (Fig. 6 ) is studied based on purely ballistic phonon transport in the wire (i.e., without phonon scatterings). The T 3 dependence is observed at low temperature (T < 20 K), and the linear temperature dependence is found especially for thin wire to (1a, 12a), (1a, 12a), and (1a, 12a) . 
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Li, Yeung, and Kam J. Appl. Phys. 111, 094308 (2012) (w ¼ 1a) at relatively higher temperature (T > 20 K). This phenomenon can be explained by analyzing phonon modes. The atom at the center of the wire receives phonon wave with relative short wavelength from the atoms in the wire (atoms within the distance l=2) and phonon wave with long wavelength from the atoms in the contacts (atoms with the distance more than l=2). Compared to the phonon modes in bulk LJ-Si (which has T 3 dependence properties for its thermal conductance), the phonon modes corresponding to the lattice points outside the boundary of wire are missing, that depress the thermal conductance due to short wavelength phonon (large wave vector k) significantly, but only slightly affect the thermal conductance due to long wavelength phonon (small wave vector k). In low temperature, the thermal conductance is dominated by long wavelength phonons (with low frequency, as x ¼ c Á k, c is the sound speed); therefore, T 3 dependence is expected. When short wavelength phonons (with relative higher energy) contribute to lattice thermal conductance significantly at relatively high temperature, the T 3 dependence of lattice thermal conductance vanishes, and linear T dependence (which is the property of one dimensional system) appears.
B. Ge atom substitution
To investigate the doping effect, a wire with the values of 12a and 1a for its length and side length is used. To minimize the contact effect, 138 of 169 atoms (the total number of atoms in the whole wire) are allowed to be substituted. These atoms are completely in the wire, without direct coupling to the LD and RD region. Each of these atoms is labeled as 1, 2, or 4, which denotes the number of bonds connecting to the atom. As demonstrated in Fig. 7 , the interior atoms are of 4 bonds, while the surface atoms are of either 1 or 2. The process of Ge atom substitution is carried out by replacing the atomic parameters (atomic mass and the constants for inter-atomic potential). The constants C 0 and C 1 in Eqs. (2) and (3) are set to 47:2 eV and 0:845 eV for (Ge-Ge) and (Ge-Ge-Ge). 25 The constants for (Si-Ge), (SiSi-Ge), and (Si-Ge-Ge) are determined by interpolation with the values 48:1 eV, 0:989 eV, and 0:9142 eV, respectively.
The transmission function of a pristine wire (without Ge substitution) falls within the frequency range (from 0 to 100 T Á rad/s) ( Fig. 8(a) ), and the transmission function of the wire with complete Ge substitution (138 atoms are substituted completely) falls within the frequency range (from 0 to 61 T Á rad/s) (Fig. 8(c) ). In Fig. 8(b) , which is produced by scaling down the frequency of the transmission function of a pristine wire ( Fig.   8(a) ) by the factor 1:64 (determined by ffiffiffiffiffiffiffiffi ffi
), the transmission peaks have almost the same locations, but different amplitudes with that in Fig. 8(c) . This is because the lattice structure is assumed unchanged when Ge atom substitution takes place, and the two contacts remain in LJ-Si when the wire is completely substituted by Ge atoms.
In the following, a single Ge atom substitution is considered in the wire. Fig. 9(b) shows the changes of thermal conductance in percentage respect to longitudinal coordinate (z) of the Ge atom (the dopant). Substitution of surface atom (with 1 or 2 bond(s)) reduces conductance by 5% À 15%; substitution of interior atom (with 4 bonds) reduces conductance by 20% À 40%. The reduction in conductance is due to the differences in mass and bond strength between Si and Ge, which lead to damping effect: Decrease of phonon frequencies in the wire. Interior atom substitution affecting 4 atomic bonds has more impact in vibration modes, leads to stronger damping effect. Substitution near the contacts causes mismatch in phonon modes between wire and contacts, enhances phonon reflections, and reduces conductance significantly.
The variation of thermal conductance is found when N (0 N 138) atoms are substituted randomly in the wire Dashed line represents bulk Si-Ge alloy using the data from Garg's work. 13 (b) Percentage change in thermal conductance due to single Ge atom substitution respect to the longitudinal direction z, the substituted atom is categorized by its labels 1, 2, or 4, the number of bonds with the atom.
(conductance is determined 10 times for each N). The maximum, mean, and minimum of the change in conductance with respect to the Ge content in the whole wire (¼ N 169 Â 100%) is shown in Fig. 9(a) . Large variation of conductance (20%) is found when Ge content is less than 15%; and the variation of conductance is about 10% when Ge content is more than 15%. This is because it is likely that all the substituted atoms are on the surface or inside the wire when the number of substituted atoms is small. It leads to the variation of conductance 20% (¼ 30% À 10%), which is exactly the difference between the reduction in conductance for interior atom substitution and surface atom substitution (Fig. 9(b) ).
The reduction in conductance with respect to Ge content of the system is compared with that of the bulk Si-Ge alloys (obtained from the previous work 13 ) indicated by dashed line in Fig. 9(a) . The atoms substituted in bulk material are always interior atoms; therefore, the dashed line is close to the minimum conductance, which is for the case of interior atoms substitution, when Ge content is less than 10%. The dashed line is close to the maximum conductance, when Ge content is greater than 20%. This is because a complete atomic layer in transverse direction of the wire can be substituted in the case of higher Ge content, which further depresses the conductance, but that is impossible in bulk material.
IV. SUMMARY
The proportionality between the thermal conductance and the cross-section area vanishes for thin wires due to the significant reduction of phonon modes. Ge atom substitution for interior atom has more impact over surface atom in reducing the thermal conductance. The thermal conductance is with 10% À 20% variation for the wires with equal Ge content. Finally, the thermal conductance can be reduced by 80% with 17% of Ge content.
